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Abstract. The Green function (GF) related to the problem of a Dirac particle interacting with a plane
wave and constant magnetic fields is calculated in the framework of a path integral via the Alexandrou et
al. formalism according to the so-called global projection. As a calculation tool, we introduce two identities
(constraints) into this formalism; their main role is the reduction of the dimension of the integral and the
emergence in a natural way of some classical paths and, due to the existence of a constant electromagnetic
field, we have used the technique of fluctuations. Hence the calculation of the GF is reduced to a known
Gaussian integral plus a contribution from the effective classical action.

1 Introduction

The propagator of a Dirac particle in an external electro-
magnetic field is distinguished from that of the scalar par-
ticle by a complicated spin structure. By using the known
anticommuting odd Grassmann variables [1], the descrip-
tion of the Dirac propagator gains the possibility of ac-
quiring a representation—a path integral—similar to the
case of the scalar particle modified by a spin factor (SF).
This representation has been discussed in various contexts.
Nevertheless, the description of the Dirac propagator by
only bosonic variables is still unfulfilled. Berezin and Mari-
nov [2] showed that massive particles can be described in the
usual five-dimensional extension. This idea was exploited in
several works, among them let us quote the successful for-
malism of Fradkin-Gitman [3 — —4] in the relativistic case,
in which we note an important supersymmetry between
the bosonic and fermionic parts [5]. This formalism saw
several applications while following various computational
methods [6-10]. Recently, a generalization of Di Vecchia
and Ravndal’s approach [12-13] describing a massive Dirac
particle in external vector and scalar fields, and using path-
integral representations according to the global and local
projections, has been proposed by Alexandrou et al. [14].
This formulation is still endowed with a supersymmetric
action which is derived systematically without inserting
a fifth component 1°(7) to the spin variable as opposed
to [3].

The purpose of this paper is to develop the problem
of a relativistic particle with mass m in a plane wave and
constant magnetic fields, and show the attractive features
of spin evolution in the computation of the SF by using
the formalism of Alexandrou et al. in its global projec-
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tion (without considering the Grassmann proper time) [14].
Note that this problem has been calculated in the frame-
work of Feynman’s approach based on the T-product [15],
which is not strictly a genuine path-integral formulation.

In the first step, by taking into account the definition of
the total potential vector that characterizes our problem,
we give the general formulation of Alexandrou et al. In
the third section, we compute the Green function (GF)
by adopting the fluctuation analysis performed on both,
real and Grassmann variables [9] and inserting the known
identities [7] into this formulation.

Let usrecall initially that the GF S, (z3, 24) given by the
formalism of Alexandrou et al. in the global projection [14]
is

Sy (0, 70) = (17" (B — gAv),, +m) Gy (2, 70) (1)
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Gy (zp,x4) =

+n/}.z/}} dr + w(o).w(T)} (2)

=0,

where g is the electron charge and y are the Dirac matrices.
x, ko and I', ¢ are, respectively, the real and Grassmann
(odd) variables. The scalar product of four-vectors, denot-
ing by a dot, is a.b = a*b,,.
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The boundary conditions for bosonic variables x are
2(0) =zq, x(T)=ump (3)
and the antiperiodic boundary for the spin variables are

B = 4#(T) + 4+ (0) = I* (4)

and we have the proper normalization

/ wwdr}] (5)

The effective action relative to (2) shows us the contri-
butions of the spin degrees of freedom to the kinetic energy,
as well as the contribution of coupling of the photon to the
electron and its spin evolution.

Dy = Dy l / Dy exp{1h(0)

2 Formulation of the problem

We propose a short review of the notations and conventions
used in the definition of the electromagnetic field. The
total potential vector A, (z) related to the plane wave and
constant magnetic fields is the sum of two terms

Au(z) = a, (a7) + Al (p), (6)

where a,, (J:T) generates the constant magnetic field B and
is a function of the transverse component of the position
vector x
T L, 1 TV
au(w)=§fm _§fm/(x) J (7)
with
fuw = iB (epe; — €vel) . (8)

(e, €*) are the basis vectors set, such as

1
6:7(1ai3030), €=

\/§ (1772.,070) (9)

Sl

satisfying
and e€e =1, (10)
in which, we can define the transverse components for any

vector as
T * *
(z )u =eu(€".2) + €, (ex).

Aﬁ((p) is the transverse potential vector of plane wave,
which depends on ¢ = k.x.

Note that the wave vector k only has alongitudinal com-
ponent

(11)

k=1(0,0,—-1,-1), (12)
which implies that k.e = k.e* = 0, with
EAP(p)=0 and k?=0. (13)

From (6), we get the total electromagnetic tensor

F#V(cp) = f;w + fﬁz/(@)

=iB (eu€; — €,€),)

Tk AL () — kA (), (14)
where the prime indicates a derivative with respect to .
By changing the time integration variable 7 — -
and T' = koeq, the action in (2) becomes that given by the
Fradkin—Gitman formalism (in the limit xo (Grassmann
proper time) — 0) with a different sign in the SF and the
absence of the fifth Grassmann component, hence

Gy (xp, ) = %Zexp (w 8F“>/ deO/Dach/ Dy

1 -2
T
X € ) —— —g1.A
XP{/O[ 20 Y (2)

e .
+50 (p2 - m2) - ZeOQFpuwqu

+it).1) (15)

dr + 1/)(0)-1/)(1)}

I'=0

where e is a real variable.

Since the plane-wave field is a function of the product
k.x, it is preferable to introduce the two following func-
tional identities [7]

/ dppdpad (o — k.74) / DyDp,

1
X exp [z/ Do (gp—kx) dT:| =1
0

(16)
and
/dnbdnadpa/DnDpn

1
X exp {z/ Py (i1 = k) dr + ipy (na - k;.wa)} —1
0
(17)
into expression (15). Because of these identities, the vari-
ables ¢ and 7 are independent of the scalar products k.z
and k.1, respectively.

The term describing the interaction between the spin
and a plane wave can be written as

P = [k AP (p) — kAP ()] "
=2n(AP.9), (18)
in this case, we get
Gg(xlhxa)
e /Oode /DxD /15¢/D
=5 p{ vy GYal . 0 p . n
X / Dpy, / dnydnadpo / dpydpa / Dpyd(p

o — k.xg)
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1 .92
xexp{i/o [—;eo—ng( )+ 20 (p* —m?)
+ Py (¢ — ki) — ieggFy, p"Y + ith.a

— 2ieqgnAP ) + py (7'7 - kt/))] dr

; (19)

T 9(0)(1) + Do — zmm}

where p, is a odd Grassmann variable. (15, s, ¥3') and (7,4,
©Ya, Y7 are respectively the variables (n(1), o(7), ¥™(7))
at7=1and 7=0.

3 Green function calculation

The genuine path-integral formulation (19) contains all the
dynamics of a Dirac particle moving in the combined field
of a plane wave and a constant magnetic field. By con-
sidering the classical trajectories, the computation of the
GPF is reduced to the computation of the known Gaussian
integrals and a contribution of the effective classical action.

Let us use the transverse and longitudinal components
of the vectors (x,p, ) as

T T T
o= () o= () mav= ()

Therefore, from the definitions (8), (11) and (20), we get
the following scalar products

faty =T (fYT), AP = AP YT and kap = kol
(21)
In order to linearize the quadratic bosonic term along the
longitudinal plane in the integral action of (19), and make
the vector p! constant during time, we apply the shift

(20)

- L

&
pL — pL + . + eokpy. (22)
0

In other words, after considering the transverse and
longitudinal components given by (20) and the shifting
term (22), the successive integrations over (pL xL) and
(py, ) then over pT in (19), lead us to

G (:r:b,xa)

(ot ) [ f o oo

x / Dy / dpodmdnedioydiad (2 — 9o + cohp”)
E

Ty
x/ DzT6(p, —k.x,)

) 260

X exp [z’pL. (xL + > (pL2 - m2)

X exp{i

! (Q.CT)Q 9.7 ,.T T T ¢ T
></ — — Zxt.fot — gAPET —ideggy”. fo
0 260 2
+ upw — 2ieqgnA’P T + py (7'7 — kz/JL)] dr

+9(0)4(1) + Py (10 — k-t7) } (23)

I'=0

and the extracted scalar path ¢ = —egk.p” with the evo-
lution

o(r) = —eok.ptT + ©q. (24)

Notice that the expression (23) is obtained after per-
forming the following transformation on the vector p”

i‘T
pl —pl + — +9A(2). (25)
0

The part which depends on vectors (p”, zf, zL) in (23)
corresponds to the free scalar propagator.

Now, we calculate the path integral with respect to the
transverse vector 7 and (7). The presence of a constant
electromagnetic field causes a particular quadraticity in the
action of (23), hence it is preferable to perform a fluctuation
analysis on the real transverse bosonic vector 7 and on
the fermionic vector " to extract the contribution of the
fixed action (classical action) in the propagator. Thus,

=XT4+y” (26)
‘Tb a XT Yaj:b (27)

and
PH(r) = PE(r) + ¢H(7), (28)

where X7 and (#(7) are, respectively, the real and odd
Grassmann fluctuations analysis. ¥#(7) is fixed by the
Euler-Lagrange equations (see Appendix A) and the cyclic
boundary conditions on the fluctuations (¥ (7) are chosen as

Eo = ¢*(1) +¢*(0) =0, (29)
and the cyclic boundary condition of classical paths is

Pe (1) + e (0)

Let us consider all contributions given by (24) and (26)—
(30) for the evaluation of G4(xp, z,): they become

= I, (30)

G (xb,asa)

=5 *exp (w am) / / / dopdspadnpdna

X / DnDp, | D¢TD¢E / dp,
Eo

Yp

X DXTs (gpb — Yo+ eok.pL) 0(pa — k.4)

Ya
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o

_;9 ” p ﬁ T T
zQ/W dp AP (o) 7 +X'.fY

Pa

1
+i/ [fieognA/%cT+pnﬁ7ieogCT~fCT
0

il ¢t ¢ z'gT.g'T} dr (31)
+ 0e(0)-0e(1) + po (na — k (v, + ¢5(0))) ,
I'=0
by fixing the path Y7 as
yT - ,
ot gfY" —gAP(p) | =0, (32)

and using

B B w;{ Xy
/ Dy= [ D¢ and / Da' = DXT.
E Eo «T X,
(33)
The term that is a function of the real fluctuations X”
appearing in the action of expression (31) is equivalent
to a known Gaussian integral related to the problem of
scalar particle (without SF) in a constant electromagnetic
field [10]. In fact, by using the explicit definition of the
electromagnetic tensor (8), we can show that this Gaussian
takes a particular form in terms of the uniform constant
magnetic field B and the components of X! X[ (see
Appendix B), where the components of X1 ,Xg in the
transverse plane are defined as

T Xl T Xl
)( a X —
@ <X2)7 b <Xb2>
a b

The GF should be in a symmetrical form with respect
to the initial and final points to extract the wavefunctions.
Therefore we symmetrize the delta function §(vp — @4 +
eok.p’) by inserting its exponential form

(34)

) (<pb — g + eok.pL)

= /dz exp [iz (op — pa + eok.p")] (35)

into (31) and shifting the vector pl to p — zk. After
integrating again over z, we find

Gg(xba xa)

—1

9 o0 I
= _ ~ T3HL
=3 exp (z'y 3 u) /0 deg . D¢ D¢ Dpn/Dn

dp”
<[ o [ dondeadman, [ dp,

X 0(pq — k.2q)d(pp — k.xp)

igB
47 sin (#)

X exp{ipL. (x,f — xaL) + i% (pL2 - m2)

B 1 B
X exp{ig2 {(X,}Xg — X2X}) — < cot (609 )

(- x4 (33 - x)°) |

1
+ z/ [—ieognA”’wcT + pyn — ieog¢T . f¢T
0
FickCt g z'gT.g'T} dr
+ ¢c(0)-¢c(1) +ipos (77(1 - kwcLa)

- ipgk‘CL(O)} (36)

I'=0

Notice that the part which does not contain the inte-
gration over Grassmann paths in (36) describes the GF of a
scalar particle in both a plane wave and constant magnetic
fields [14].

The only remaining path integral in (36), is the SF. With
the help of the velocity variables w,(7) [8], we compute
the Gaussian integrals with respect to the ¢7 and ¢ (see
Appendix B). After integrating successively over p, and n
in (36), we deduce that the spin current projected along the
wave vector k is constant during the evolution and satisfies
the equation

=0,  n=na=n. (37)

Taking into account the classical equations in appendix

A, we deduce that
kaby =0, kpr(1) = ka2 (0).

The multiplication by the wave vector k on the left of the
boundary condition (30), and the successive integrations
over p, and 7, in (36), lead to

(38)

k.t
77a = k'z/}(f(o) = 2 N

(39)

This equation preserves the induced condition by the pro-
jection of (4) along k.

It has been shown that all path integrals are reduced
to the computed Gaussian integrals. What remains is the
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contribution of the effective classical action in the calcu-
lation of the GF. By substituting all obtained solutions in
Appendix A into (39), and differentiating with respect to
I', we find

Gg(mbaxa)
—i [ dp” igB
O Yy v
2 /0 ’ (2m)? 47Tsin(e“gB)

X 0(pq — k.za)d(0p — k.xp)
x exp{ipL. (af — ) + 0 (o2~ m?)

([

a

T
dpAP (¢ )—dY +x7T. fYT|*" )
dp

.gB
#2200 - x3x)

L ()
x{ (52 )

X [14+~*4"k e,

b xl) (- x2?)] |
[1 ="y ke, K (o)) %
K*(a)]

B) 1= iy ke, K* (3)]

iegg

pieidan
2

x [1+ v”v”kueiK(%)]}

with

K(p) = =

2 (kpt) T [ ot ]

(k.pt)

® igBy!
X d /exp[Zg ] e A'P).
P (hpry | 4T

¥o

(41)

Here we have used the formulas

1 *
lf§tanh( )’y*y ( fe#el,)

_ (e_

(42)

N1 o)

_a o
72 AV * + L YT 2
o7 )V et mraer ) Y e

€ €.€v
MV H H =1.
RAC Ty

K*(¢p) is the conjugate of K (p). The final expression
of G4 (zp,x,) is quite symmetric and is identical to that
obtained in [15].

It has been shown in [8] that the exact SF of a Dirac
particle interacting with a plane wave field can only be
described through the classical Grassmann paths due to
the remarkable properties of the field, and therefore, there
is no contribution from the fluctuating trajectories. Sim-
ilarly, in our case, by either considering a weak magnetic

lR
_|_

and

(43)

field (B <« 1) or neglecting the fluctuations around the
classical paths in the second-order variation ({*¢” = 0) as
a semiclassical calculation of the SF, we find the Gaussian
integral given in (B.3) is unity. However, the description of
the spin interaction is only presented by using the classical
Grassmann trajectories without performing any integra-
tion. In other words, the existence of a constant magnetic
field B requires an introduction of fluctuating paths which
contribute as Gaussian integral to the exact computation
of the SF.

By taking the limiting case of the wave vector k — 0 in
(40), we can deduce the influence of the constant magnetic
field B on the particle. We then get

Gg(mbﬂ xa)

i Ood / dp” igB
= — €0 5
2 Jo (2m) 41 sin (#)

X exp{ipL. (zt —zl) + i% (p™* —m?)

B
22 [(xixz - xix))

— oo (2 ((xd -+ (2 - x|}

ieg KAV * ie HAVe* e
) {e(”)7 e o598 m) LT o } (44)

4 Conclusion

We have calculated the exact Green function (GF) for a
Dirac particle interacting with a plane wave and constant
transverse magnetic fields via the formalism of Alexandrou
et al. (global projection). In this approach, the description
of spin is established through the integration over anticom-
muting Grassmann trajectories. In addition, the calculation
of the GF is based on two techniques, in the first one, we
have introduced the so-called constraints (functional iden-
tities) into the formulation. These identities reduce the
dimension of the integration of all projected paths along
the wave vector, and extract some classical trajectories in a
natural way from the propagator. Indeed, it is shown that
this method is very useful for the path-integral approach,
particularly in the presence of the plane-wave field.

Due to the existence of a constant magnetic field B,
we have adopted a second technique which is based on
a fluctuation analysis performed on real and Grassmann
variables. In fact, the paths are written in terms of both
fixed and fluctuating trajectories; as a consequence, the
path integral is reduced to a calculation of known Gaussian
integrals, and by inserting the classical solutions of Euler—
Lagrange into the effective classical action, we obtain the
exact result of the GF, as provided in the literature.
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Appendix A: Classical solutions

k(1) is fixed by the Euler-Lagrange equations as
OF —eogfyl = —eognA”,

1/}5(7') = _%kpn-

(A1)
(A.2)

The classical solutions of I (7) from the Euler-La-
grange equations are

U (7) = —eagnie®” [ (70 A7)aF +OTUT(0) (A3)
0
with

Qul/ = €ogf,w- (A4)

We can obtain the initial and final classical solutions
¥T(0) and I (1) of the spin variables from the boundary
condition (30) and the general solution (A.3)

1
000 = cagne? (1+¢2) ™" [ (e am) ar
0

1
+5 <1 — tanh g) T (A.5)
1
PI(1) = —eognae® (1 +eQ)’1/ (em@7A™) dr
0
+e@ (1+eQ)_1FT. (A.6)

In the same way as for the transverse classical solution,
we have

YEr) = —Shpo + ghpy, +0EO)  (AT)
and
L i rr
’(/}c (1) = ik (pna _pnb) + 77 (AS)
; L
WEO) == ko —pa) + 5 (A9)

Appendix B: Gaussian integrals

The known Gaussian integral that appears in the problem of
scalar particle (without SF) in a constant electromagnetic
field [10] is

N2
/DXTexp i/l —(XT)
0

260

- gXT.fXT dr

igB
47 sin (—6033 )

gB

X exp{i2 [(ngg - X X,) (B.1)

S (305) (5t )]

With the help of velocity variables w,,(7) [8], such that

W;L(T) = éu(T)v

Cu(T) = % /0 e (T —s)wy(s)ds, (B.2)
() = sign of T,

the integral of the SF along ¢” reduces to a simple Gaussian
that appears in the treatment of Dirac particle in a constant
electromagnetic field

. D(¢T exp {z /01 [—ieogCT.fCT + iCT.(-T} dr }
= o o (227
= cosh (z’eogB) .
2

Thus the integral according to the longitudinal compo-
nents is

. DCE exp {z /01 (i(L.CL - p[,kCL(O))} =1, (B.4)

since it is of the type

(B.3)

[ Dot e | [ (@4 r1e = )9+ 1 (0) dras]
—1, (B.5)

with 1
I, = 5 kupo,

where I, does not depend on the time of evolution
and I? = 0.

(B.6)
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